Abstract. We prove Okounkov's conjecture, a conjecture of Fomin-FultonLi-Poon, and a special case of Lascoux-Leclerc-Thibon's conjecture on Schur positivity and derive several more general statements using a recent result of Rhoades and Skandera.
Schur positivity conjectures
The ring of symmetric functions has a linear basis of Schur functions s λ labelled by partitions λ = (λ 1 ≥ λ 2 ≥ · · · ≥ 0). A symmetric function is called Schur nonnegative if it is a linear combination with nonnegative coefficients of the Schur functions. In particular, skew Schur functions s λ/µ are Schur nonnegative. For two symmetric functions f and g, the notation f ≥ s g means that f − g is Schur nonnegative. Recently, a lot of work has gone into studying whether certain expressions of the form s λ s µ − s ν s ρ were Schur nonnegative. Let us mention several conjectures due to Okounkov, Fomin-Fulton-Li-Poon, and Lascoux-Leclerc-Thibon of this form.
Okounkov [Oko] studied branching rules for classical Lie groups and proved that the multiplicities were "monomial-log-concave" in some sense. An essential combinatorial ingredient in his construction was the theorem that about monomial nonnegativity of some symmetric functions. He conjectured that these functions are Schur nonnegative, as well. For a partition λ with all even parts, let λ 2 denote the partition ( λ1 2 , λ2 2 , . . .). Conjecture 1. Okounkov [Oko] For two skew shapes λ/µ and ν/ρ such that λ + ν and µ + ρ both have all even parts, we have (
Fomin, Fulton, Li, and Poon [FFLP] studied the eigenvalues and singular values of sums of Hermitian and of complex matrices. Their study led to two combinatorial conjectures concerning differences of products of Schur functions. Let us formulate one of these conjectures, which was also studied recently by Bergeron and McNamara [BeMc] . For two partitions λ and µ, let λ ∪ µ = (ν 1 , ν 2 , ν 3 , . . . ) be the partition obtained by rearranging all parts of λ and µ in the weakly decreasing order. Let sort 1 (λ, µ) := (ν 1 , ν 3 , ν 5 , . . . ) and sort 2 (λ, µ) := (ν 2 , ν 4 , ν 6 , . . . ). 
Lascoux, Leclerc, and Thibon [LLT] studied a family of symmetric functions G (n) λ (q, x) arising combinatorially from ribbon tableaux and algebraically from the Fock space representations of the quantum affine algebra U q ( sl n ). They conjectured that G (n)
mλ (q, x) for m ≤ n. For the case q = 1, their conjecture can be reformulated, as follows. For a partition λ and 1 ≤ i ≤ n, let λ [i,n] := (λ i , λ i+n , λ i+2n , . . . ). In particular, sort i (λ, µ) = (λ ∪ µ) [i,2] , for i = 1, 2.
Conjecture 3. Lascoux-Leclerc-Thibon [LLT, Conjecture 6 .4] For integers 1 ≤ m ≤ n and a partition λ, we have
. Theorem 4. Conjectures 1, 2 and 3 are true.
In Section 3, we present and prove more general versions of these conjectures. Our approach is based on the following result. For two partitions λ = (λ 1 , λ 2 , . . . ) and µ = (µ 1 , µ 2 , . . . ), let us define partitions λ∨µ := (max(λ 1 , µ 1 ), max(λ 2 , µ 2 ), . . . ) and λ ∧ µ := (min(λ 1 , µ 1 ), min(λ 2 , µ 2 ), . . . ). The Young diagram of λ ∨ µ is the settheoretical union of the Young diagrams of λ and µ. Similarly, the Young diagram of λ∧µ is the set-theoretical intersection of the Young diagrams of λ and µ. For two skew shapes, define
Theorem 5. Let λ/µ and ν/ρ be any two skew shapes. Then we have
This theorem was originally conjectured by Lam and Pylyavskyy in [LaPy] .
Proof of Theorem 5
Let us fix an integer n. For two subsets I, J ⊆ [n] of the same cardinality, let ∆ I,I ′ = ∆ I,I ′ (H) denote the minor of the Jacobi-Trudi matrix H = (h j−i ) 1≤i,j≤n with row set I and column set I ′ . Here h i denotes the i-th homogeneous symmetric function, where h 0 = 1 and h i = 0 for i < 0. According to the Jacobi-Trudi formula, the minors ∆ I,I ′ are precisely the skew Schur functions
Theorem 5 can be reformulated in terms of minors, as follows. Without loss of generality we can assume that all partitions λ, µ, ν, ρ in Theorem 5 have the same number k of parts, some of which might be zero.
Theorem 6. Let I, I
′ , J, J ′ be k element subsets in [n]. Then we have
We will use the following result due to Rhoades and Skandera [RhSk] .
Theorem 7. Rhoades-Skandera [RhSk, Theorem 3.3 
for any subinterval B of [2n], where
Remark 8. The authors of [RhSk] did not require that all subsets have the same cardinality and considered minors in a rectangular rather than square Jacobi-Trudi matrix. Actually, the more restrictive assumptions above do not make much of a difference. Also note that we have switched J and K in the notation of [RhSk] .
Lemma 9. For any two finite subsets X, Y ⊂ R of the same cardinality and any interval B ⊂ R, we have max
, and let
(Here LC stands for "left-center", CL stands for "center-left", etc.) Then |B ∩X| = CL+CC+CR, |B∩Y | = LC+CC+RC, |B∩(X∨Y )| = LC+CL+CC, |B∩(X∧Y )| = CR + RC + CC. We claim that the numbers LC and CL cannot be both nonzero. Indeed, we cannot have x i < a ≤ y i and y j < a ≤ x j simultaneously. Similarly, the numbers CR and RC cannot be both nonzero. 
Proof of Theorem 6. Let us assume that
′ in the notation of Theorem 7. We need to check that the conditions in Theorem 7 are satisfied. The validity of the conditions I ∪ J = K ∪ L and
If the s-th element i s of I (in the increasing order) equals the t-th element j t of J, then i s = j t = max(i s , j s ) = min(i t , j t ), for s ≤ t, or i s = j t = max(i t , j t ) = min(i s , j s ), for s ≥ t. Thus we obtain I ∩ J = K ∩ L and, similarly,
The validity of the condition for subintervals B follows from Lemma 9 for X = I ′′ and Y = J ′′ .
Proof of conjectures and generalizations
Let ⌊x⌋ be the maximal integer ≤ x and ⌈x⌉ be the minimal integer ≥ x. For vectors v and w and a positive integer n, we assume that the operations v + w, Theorem 10. Let λ/µ and ν/ρ be any two skew shapes. Then we have
Proof. We will assume that all partitions have the same fixed number k of parts, some of which might be zero. For a skew shape λ/µ = (λ 1 , . . . , λ k )/(µ 1 , . . . , µ k ), define − − → λ/µ := (λ 1 + 1, . . . , λ k + 1)/(µ 1 + 1, . . . , µ k + 1), that is, − − → λ/µ is the skew shape obtained by shifting the shape λ/µ one step to the right. Similarly, define the left shift of λ/µ by
assuming that the result is a legitimate skew shape. Note that
. Let θ be the operation on pairs of skew shapes given by
According to Theorem 5, the product of the two skew Schur functions corresponding to the shapes in θ(λ/µ, ν/ρ) is ≥ s s λ/µ s ν/ρ . Let us show that we can repeatedly apply the operation θ together with the left and right shifts of shapes and the flips (λ/µ, ν/ρ) → (ν/ρ, λ/µ) in order to obtain the pair of skew shapes
Let us define two operations φ and ψ on ordered pairs of skew shapes by conjugating θ with the right and left shifts and the flips, as follows:
In this definition the application of the left shift "← −" always makes sense. Indeed, in both cases, before the application of "← −", we apply "− →" and then "∨". As we noted above, both products of skew Schur functions for shapes in φ(λ/µ, ν/ρ) and in ψ(λ/µ, ν/ρ) are ≥ s s λ/µ s ν/ρ . It is convenient to write the operations φ and ψ in the coordinates λ i , µ i , ν i , ρ i , for i = 1, . . . , k. These operations independently act on the pairs (λ i , ν i ) by
and independently act on the pairs (µ i , ρ i ) by exactly the same formulas. Note that both operations φ and ψ preserve the sums λ i + ν i and µ i + ρ i .
The operations φ and ψ transform the differences λ i − ν i and µ i − ρ i according to the following piecewise-linear maps:
andψ(x) = x if x ≥ −1, −2 − x if x ≤ −1.
Whenever we apply the composition φ • ψ of these operations, all absolute values |λ i − ν i | and |µ i − ρ i | strictly decrease, if these absolute values are ≥ 2. It follows that, for a sufficiently large integer N , we have (φ•ψ) N (λ/µ, ν/ρ) = (λ/μ,ν/ρ) with λ i +ν i = λ i + ν i ,μ i +ρ i = µ i + ρ i , and |λ i −ν i | ≤ 1, |μ i −ρ i | ≤ 1, for all i. Finally, applying the operation θ, we obtain θ(λ/μ,ν/ρ) = (⌈ The following conjugate version of Theorem 10 extends Fomin-Fulton-Li-Poon's conjecture (Conjecture 2) to skew shapes.
